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Abstract. As is well known, there are different Lagrangians which lead to the same Euler–
Lagrange operator. The gauge invariance of a Lagrangian guarantees that of the corresponding
Euler–Lagrange operator, but not vice versa. We show that the gauge invariance of an Euler–
Lagrange operator, but not a Lagrangian results in Noether conservation laws.
Let us consider a first order field theory on a smooth fibre bundle Y → X coordinated
by (xλ, yi). Its configuration space is the first order jet manifold J1Y of sections of
Y → X equipped with the adapted coordinates (xλ, yi, yiµ) (see, e.g., [2, 3]). We will use
the notation ω = dnx, n = dimX , and ωλ = ∂λ⌋ω.
A first order Lagrangian is a density
L = L(xλ, yi, yiλ)ω : J
1Y →
n
∧T ∗X (1)
on J1Y . Its variation δL is the second order Euler–Lagrange operator
EL : J
2Y → T ∗Y ∧ (
n
∧T ∗X),
EL = (∂iL − dλ∂
λ
i )Lθ
i ∧ ω, (2)
where θi = dyi − yiλdx
λ are contact forms and dλ = ∂λ + y
i
λ∂i + y
i
λµ∂
µ
i are the total
derivative. Its kernel Ker EL ⊂ J
2Y defines the Euler–Lagrange equations. There are
different Lagrangians whose variations provide the same Euler–Lagrange operator. They
make up an affine space modelled over the vector space of variationally trivial Lagrangians
L0, i.e., δL0 = 0. One can show that a first order Lagrangian L0 is variationally trivial iff
L0 = h0(ϕ), (3)
1
where ϕ is a closed n-form on Y and
h0(dx
λ) = dxλ, h0(θ
i) = 0
is the horizontal operator acting on semibasic exterior forms on J1Y → Y .
Gauge transformations are defined as bundle automorphisms of a fibre bundle Y → X .
Any projectable vector field
u = uλ(xµ)∂λ + u
i(xµ, yj)∂i (4)
on Y → X is the infinitesimal generator of a local one-parameter group Gu of gauge
transformations of Y → X , and vice versa. Its jet prolongation onto J1Y reads
J1u = uλ∂λ + u
i∂i + (dλu
i − yiµ∂λu
µ)∂λi . (5)
A Lagrangian L (1) is invariant under a gauge group Gu iff its Lie derivative
LJ1uL = [∂λ(u
λL) + (ui∂i + (dλu
i − yiµ∂λu
µ)∂λi )L]ω (6)
along J1u vanishes.
The first variational formula of the calculus of variations provides the canonical de-
composition
LJ1uL = uV ⌋EL + h0d(u⌋HL) (7)
of the Lie derivative (6), where: uV = (u⌋θ
i)∂i, EL is the Euler–Lagrange operator (2)
and HL is some Lepagean equivalent of L, e.g., the Poincare´–Cartan form
HL = L+ ∂
λ
i Lθ
i ∧ ωλ = ∂
λ
i Ldy
i ∧ ωλ + (L − y
i
λ∂
λ
i L)ω.
For instance, if L = L0 is a variationally trivial Lagrangian, the first variational formula
(7) gives the equality
LJ1uL0 = h0d(u⌋HL0). (8)
If the Lie derivative (6) vanishes, one obtains the weak conservation law
0 ≈ h0d(u⌋HL) = dλ[pi
λ
i (u
µyiµ − u
i)− uλL]ω (9)
on Ker EL.
2
The Euler-Lagrange operator EL (2) is invariant under a one-parameter gauge group
Gu iff its Lie derivative LJ2uEL along the jet prolongation J
2u of u onto the second order
jet manifold J2Y vanishes. There is the relation
LJ2uEL = δ(LJ1uL) = EL
J1u
L, (10)
i.e., the Lie derivative LJ2uEL is the Euler–Lagrange operator associated to the Lagrangian
LJ1uL [1, 2]. It follows that LJ2uEL = 0 iff the Lie derivative LJ1uL is a variationally trivial
Lagrangian, i.e., is given by the expression (3). Substituting this expression into the first
variational formula (7), we obtain the weak equality
h0(ϕ) ≈ h0d(u⌋HL) (11)
on Ker EL. If ϕ = dσ is an exact form on Y , this equality is brought into the weak
conservation law
0 ≈ h0d(u⌋HL − σ). (12)
Let L′ = L+L0 be another Lagrangian whose variation is the Euler–Lagrange operator
EL. Due to the equality (8), we come to the same conservation law (12).
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